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Abstract. In this paper we consider known that an electromagnetic field is described by two fields: an
electric field and a magnetic field. Between these fields there are certain relationships, known as
Maxwell's equations. One problem that can be asked is how to change these fields by switching from one
inertial observer to another. We will try to formulate an answer based on the invariance of Maxwell's
equations with respect to Lorentz transformations. In this sense we will state a theorem that shows how
these fields change. Finally, we present some consequences of this theorem.
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1. INTRODUCTION

We consider it known that an electromagnetic field is described by two fields, one
denoted E: D — R, called electric field and another H: D - R’ called a magnetic field. Here D
is a domain in the R* event space, namely E and H they have four variables each, certain t=¢
temporal variable and x,y,z={ spatial variables. Having values in R®, these fields have three
components each, noted E,, E, E, and respectively H,, H,,H,. The following relations, known
as Maxwell's equations, take place between these fields.
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From the form in which these equations were written here it is recognized that the
environment considered is vacuum, without electrical charges and without currents. These
equations are written for a fixed Q observer, the fields E and H having other values for another
inertial observer @ moving with respect to . One problem that can be asked is how to change
these fields by switching from one inertial observer to another. We will try to formulate an
answer based on the invariance of Maxwell's equations with respect to Lorentz transformations
and for the concrete solution of the problem we will limit ourselves to the special Lorentz

transformations

corresponding to a particular choice of coordinate axes in relation to the direction of relative
movement of observers. In addition to the invariance of Maxwell's equations with respect to

Lorentz transformations, the principle of relativity will also be used through its consequences on
the constancy of the parameters €, and H, as well as the invariance of the electric charge

following the transition from one inertial observer to another.

2. INVARIANCE OF MAXWELL'S EQUATIONS TO LORENTZ
TRANSFORMATIONS

We will further state a theorem in which we will express the invariance of Maxwell's

equations.



Annals of “Constantin Brancusi” University of Téargu Jiu, Education Sciences Series, ISSN
1844-7031, No. 1/2021

Theorem. If an electromagnetic field with respect to the inertial observer £ has the
components E,, E , E, respectively H,,H,,H, and w is another inertial observer that moves

with respect to Q with velocity v along the axis Ox=0x ", then in the system w he components of

this field are

E,=E,
E —vyu,H
Ey— y IJO 2(8)
2
c
E,Z:Ez—vuOHy
v2
V1==
c
respectively
H,=H,
. H —veE
—__y 0z
4
)
c
H,Z:Hz—vsoEy
v2
==
c

Demonstration. In the landmark of the observer Q the equations (1], (2], (3] and (4] in

which we take into account and (5] and (6 | are written in the form

0E, 0H, oH,
“or ay oz
0E, 0H, 0H,
“T9t " 9z ax
0E, dH, 0H,
©79¢ " ox oy
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0H, 0E, O,
—Hy = -
ot dy 0z
_@H,_3E, 0F,
Hoor 82 ox
 0H, 0E, JE,
Ho"ar “ox oy

6EX+6Ey+6EZ:O(3’)
ox 0y 0z
8HX+6HY+6HZ:0'(4')
0x 0y 0z '

To simplify writing we will note the Lorentz-Fitzgerald factor with
v’ 1

a=yl-=Ay=a .
c

We perform the demonstration in two stages

Stage I. We prove the first formula in (8 and the last two formulas in (9. If in the expression:
0E, OE,qt' OE, ax'+6EX dy' OE, oz

= + +
ot oOt' ot ox' ot Oy' ot 0z' Ot

we replace, according to 7],

ot'_ dx'_ 0y _0z _
ot Vot War _at_o
result

dE, [0E, OE,

ar o Vox'/

Proceeding by analogy, we can express the derivative in relation to x ',

a‘EX a‘Ex at a‘Ex aX a‘E"x ay aEx aZ
— -+ =+ +
ox' Ot 0x' 0x 0x' Oy 0x' 0z 0Ox'

where, according to the inverses of the formulas (7| we have
ot v 0x _ 0y _ 0z

W:y?’ax'_y’ax'_ax'zo'
We get it that way
O0E, 0E, y 0E,
=Y =
0x 0x % ot
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which replaced above leads to the equation

0E, 0E, , [0E, v OE,

X: —_ +_
ot Yoo Y Vax T2 ar

After a simple calculation from here we can determine

0E, 0E, OE,

= — (&)
o “ac Vax’
which, if we take into account (3 '], becomes
0E, O0E, OE, OE,
=a +v +
ot ot' dy 0z

Replacing this expression in the first formula of (1’| and taking into account that y=y' and z=2z"

, 1s obtained:

aEx 0 0
SOW:a—y’[y(Hz—veoEy)]—E{y(HﬁvsoEZ

|.[10]

On the other hand, according to the principle of relativity, if Maxwell's equations have the same
form for the observer , the first formula in (1) will be written:
. 0E, 0H, 0H,
ot dy' dz'

Comparing this expression with (10], the searched formulas are obtained.

Stage II. We prove the first formula in (9] and the last two formulas in (8]. To this purpose note
that the formula (] was obtained only on the basis of the calculation of some derivatives of

compound functions, using formulas (7), so it can also be written forH ,, e:

OH, 0H, O0H
ac o ox
Taking into account 14 "], it results:
0H, OH, O0H, O0H,

=a +v + .
ot ot' oy 0z

X

Which replaced in the first formula 2 ', leads to the next relation

0H 0 0
—Ho atvy:a—yv[Y(Ez_vlloHy”_E[y(Ey_V/JOHz

.11
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Applying the principle of relativity again, for the observer w, the first equation in [2'] will be
written:

0H, 0E, OE,

ot ody 0z

—Hop
which, compared to (11}, leads to the formulas in the theorem statement.
I
3. CONSEQUENCES
a) A simple calculation shows that the inverses of formulas (8) and 19) have the same

form, except that instead of v appears —v. The following relationship is used in the

demonstration

c’= HoEo-

b) if the observer Q finds only the presence of a magnetic field (possibly even constant),
ie E,=E =E,=0, the observer w, which moves with velocity v with respect to the
first in the direction of the axis Ox=0x", will also notice the presence of an electric
field of non-zero components in the directions Oy and Oz. Indeed, even if
E,=E,=E,=0, formulas (8] and (9| give us non-zero values for
E,=0,E,=—wuH, E,=yvuH,,

H,=H,H,=yH, H,=yH,.
c) if the observer Q finds only the presence of an electric field, ie H,=H =H =0, the

observer w will also measure a magnetic field, so an electromagnetic field, of

components
E,=E.E,=yE,,E,=YE,,
H,=0,H,=yve&E,, H,=—ye&E,.
All these theoretical results which appear as consequences of formulas (8 and (9] are

confirmed by experience.
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